INTERNATIONAL BACCALAUREATE
MATHEMATICS
Higher Level
. Tuesday 14 November 1995 (moming)

Paper 2

N95/510/H(2)

2 hours 30 minutes

This examination paper consists of 2 sections, Section A and Section B.
Section A consists of 4 questions.

Section B consists of 4 quesﬁons.

The maximum mark for Section A is 80.

The méximum mark for each question iﬁ Section B is 40.

The maximum mark for this paper is 120.

This examination paper consists of 13 pages.

INSTRUCTIONS TO CANDIDATES

DO NOT open this examination paper until instructed to do so.

Answer all FOUR questions from Section A and ONE quesfion from
Section B. :

Unless otherwise stated in the question, all numerical answers must
be given exactly or to three significant figures as appropriate.

EXAMINATION MATERIALS
Required/Essential:
IB Statistical Tables
Millimetre square graph paper
Electronic calculator
Ruler and compasses

Allowed/Optional:

A simple translating dictionary for candidates not working in their own language
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FORMULAE
Trigonometrical identities: " sin(e + B) = sinacos B + cosasin B

cos(a + B) = cosa cos B — sin asin B

tana +tan

tan(a + §) = l-tanotan B

sina+sinﬂ=2sina+ﬁcosa-ﬂ

2 2.

~sina-—sinﬁ=2cosg—t—ﬁ-sing;ﬁ-
: 2 2

cosa+cosﬂ=2msa+ﬁcosa—ﬂ
A -2 -2

+B . B-«a

cosa —cosf = 2sin 22 E sin
2 2

cos20 =2cos’ 6 —1=1-2sin? @ = cos® 6 — sin? §

_ g2
Iftaxlg-:tthensi1'10=—gt—2 andcos0=l 12
2 1+¢ 1+t

: d d
Integration.by parts: | ua-;-;-dx = uv—fvzxﬁdx
e 1 . x
Standard integrals: f 3 = —arctan—+c¢
x*+d a a

dx . X
f =arcsin—+c¢ (x|<a)
;aZ_XZ a

Statistics: If (x,,%,,...,x,) ‘occur with frequencies (f,,f,,...,f) then the mean m and
standard deviation s are given by

2
m=£}£ﬁ S = Ef-':—(-ii-_’nl—, ' i=l,2,...,n
3f, \} 3,
Binomial distribution: P, = (") prA-pY %, x=0,1,2,..,n
X
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A correct answer with mo indication of the method used will normally receive no marks. You are
therefore advised to show your working. :

SECTION A
. Answer all FOUR questions from this section.
1. [Maximum mark: 18]

(i) For a function y, flxy represents the nth derivative of y with respect to x.

d‘y .
(@) If y=e*sin x, show that -&x—4=-4y

: 8
(b) Hence, find the expression for -:—xy? in terms of y, and conjecture a

4n
formula for ':x—‘i’-, ne N*.
(© Use mathematical induction to prove your conjecture. [10 marks]

(i) A rectangular fish tank, of width w, length / and height & as shown, is full
of water and is tipped along its length by an angle 6 to the horizontal.

w

w?ltan 6

(@) If tanf < —’i, show that the volume of water spilled is
w

(b) Find an expression for the volume spilled when tané > L3 . [8 marks]
w
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2. [Maximum mark: 20]

,.(i)‘.

(i)
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Consider the two lines LandL,.
-1 _y-3_z-1

X
e

3-x _2y-3 z+l
4 3 2

L,

- - - -
(2) Write the vector equation of each line in the form r = r,+ Au.

(b) Show that the two lines do not intersect, and state whether or not they
are parallel.

(¢) Find, in the form ax+by+cz=d, the equation of a plane that is
perpendicular to L, and intersects L, .

(d) Find a vector that is perpendicular to both' lines.

(¢) Hence or otherwise, find the glistance between L, and L,

An aeroplane is flying in a stranght line at an altitude of 5000 m. It passes
over a point on the ground that is 6000 m due south of a radio beacon at

ground level, and then over a point that is 8000 m due east of the beacon.

By taking a coordinate system whose origin is at the beacon, derive a vector
in the direction of the flight path.

Hence, or otherwise, calculate how close the aeroplane gets to the beacon.

N95/510/H(2)

[12 marks)

[8 marks]




3. - [Maximum mark: 18]

BRO)

(i)
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A continuous probability distribution is defined as follows:

(l)’ x<0,
p(x)= - O$x$k,.'
1+
0, x>k.

Find k, the mean u, and the standard deviation ¢ of p(x) .

Two versions of an electric heater are made, one with four heating
components and one with two heating components. There is a probability
g that any component will fail when a heater is switched on, independent of
the other components. Heaters will not operate if more than half of their
components fail. »

(2) Deduce that the probability that the two component heater will

operate is 1 - ¢*> and derive an expression for the probability that the
four component heater will operate.

" (b) What values of ¢ makes the heaters equally reliable?

() What values of ¢ will make the two component heater more reliable
than the four component heater? .

<
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[8 marks]

[10 marks]
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- 4.  [Maximum mark: 24]

(@) Sketch the region enclosed between the curves of y= «/; ,y=6-x
and y=c,wherel <c¢=<2.

~ (b) Find, in terms of ¢, the area of this region.

() Verify that your answer to (b) is correct by considering the case when

(i)

c=2.

A manufacturer of cans for soft drinks is asked to supply cans which hold
500 cm? (one half of a litre) of the drink. The cans, when full, are closed
cylinders made from very thin sheet metal. For economic reasons the
dimensions of the can are such that the amount of sheet metal used to
make each can is a minimum.

(@) Denoting the radius and the height of a can by rem and hcm
respectively, write down an expression for A , the area of sheet metal
‘required to make one can. '

(b) Express 4 in terms of r only and deduce that your expression has no
maximum value. :

10
. (c) Show that the radius of the required can is mcm, and find the

SA22-55282

height of the can.
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[12 marks]

[12 marks]



(a)

(b)
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SECTION B

Answer VONE question f‘rom this séction.
; ~ ) Abstract Algebra

5. [ Maximum mark: 40]

Let M be the set of 2 X 2 matrices {1, A, B, C, D, E} whcre Iis the 1dent1ty
matrix and the other matrices are:

(8 el o w19

Given that matrix multiplication is associative show, by presenting the

operation table, that M is a group under matrix multiplication. (Use the
letters I, 4, B, C, D-and E for the elements of the table)

Show by example that the group is not abelian. ' [12 marks]
Let S, be the set of all permutations of the elements of the set {1, 2, 3} .

Two of the elements of S, are thus:

_(123), (123
=l 23) PTlasa)

- Write down the remammg elements, denoting the elements by

©

SA22-55282

p,i=3,4.

Given that S; is a group under the operation of composition, write down
the group table. (Again, use letters p, for the elements.) [8 marks]

Explain what is meant by saying that two groups are isomorphic.

Show, by finding an isomorphism, that the groups in (a) and (b) are
isomorphic. . [6 marks]

[ Question 5 continues on the next page]
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[ Question 5 continued]

L@

Let Sn be the set of all permutations of tﬁe set {1, 2,3,..., n} where
n=3. _

By considering the two elements of S,

s-123“'and—123”'

N CRE T IO il 1P ISR
in which each number after 3 is unchanged, deduce that S, under the
operation of composition is not abelian.

- Hence verify that the group in (a) is not abelian.

(e)

Using either of the group tables in (a) and (b), find an example to suggest
an expression for the inverse of (x * y) in terms. of the inverse of x and y,
where x and y-are group elements and = denotes the relevant operation.

~ Prove that your result is true for any group.
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Graphs and Trees
6. . [Maximum mark: 40]
(i) Nine intersections in the road system of an American city are connected by

unpaved roads. The distances between the intersections, in kilometres, are
gwen in the diagram below.

What is the minimum length of road that should be paved so that there is a
paved route between any two intersections? [10 marks]

(ii) (@) Write down the adjacency matrix of the graph below.

Y |¢)

L7 : V3

Hence or otherwise, calculate the number of ways of getting from v,
to v, in the graph above using either 2 or 4 edges in the path.

(b) State clearly a prbperty of the adjacency matrix of a graph with n
vertices, that you possibly used to obtain your answer to (a).

Explam how this property allows the number of edges in the shortest
path between two vertices to be calculated. . [10 marks]

[Question 6 continues on the next page]
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[ Question 6 continued] ’

o (iii)‘ Draw a graph with incidence matrix B , given by

Y

"o
O O O st
O O ™= O -
O O = O
—_0 O O =
©O O O -~ O
O = O = O

explaining clearly the relationship between the matrix and the graph.

(iv) The column totals 6f the adjacency matrix of a connected graph with no
loops are: ’
5 4 1 2 6 4 4 8§ 6 2

Does the graph have either an Eulerian path or a Hamiltonian circuit?
Explain your answers.

Deduce the number of édges in the graph, and the number of regions in any
planar representation of the graph. ‘
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1. [ Maxlmum mark: 40]

(a) The number X, of a particular model of bicycle sold per week by a shop

®

©

SA22-55282

has a Poisson d:stnbutmn with mean 5. Determine the probablhty of the
following events:

(i) none of the bicycles of that type are sold in a given week;
(ii) more than ten such bicycles are sold in a given week. ‘
If each bicycle is sold for $200, determine the mean and variance of the

total weekly amount in sales on that model. (Results on means and
variances for Poisson distributions may be stated without proof.)

‘For a second model of bicycle the number X, sold per week is Poisson with

mean 3 and is independent of X, . The cost of this second type of bicycle is
$250 . Determine the mean and the standard deviation for the total
combined weekly sales of the two models. (Again, any results used to
derive your answer must be clearly stated but need not be proved.)

A record was kept’ of the time téken for a particular mechanic, 4, to
service each bicycle before sale. In a sample of n, = 25 bicycles the mean

‘and standard deviation of the service times were 57.5 and 3.7 minutes

respectively.

On the assumption that service times are normally distributed, explain how
to obtain a 95% confidence interval for-y,, the mean service time.
Distributive results used in your answer should be clearly stated.

Calculate the end points of the 95% confidence interval from the above
data. Would your results lead to the assumption of a mean service time of
60 minutes when testing against a two-tailed alternative hypothesis at the
5% significance level?

For mechanic B a sample of n, = 20 service times had a mean and standard
deviation of 61.7 and 3.1 minutes respectively.

Obtain a 95%.confidence interval for u, ~Hg> the difference in mean service
times for the two mechanics. Any assumptions made and distributive results
used in your answer should be clearly stated.

State, with reasons, whether or not you would accept that p, is equal to
Hp-
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[13 marks]

[12 marks]

[15 marks]
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Analysis and Approximation

"8 [Maximum mark: 40]

- @) .(a) State clearly the conditions for the integral test to be applied to the

series Za,, . '

n=l

n
n+1

Apply the integral test to the series Z

n=l

n=l

4 -
(b) State clearly the values of p > 0 for which the series 27 converges.

Setting p = -;-,.what does the comparison tell you about the convergence

: - 1
or divergence of the series ZT ?
2++n

n=]

Use an-alternative value of P, if necessary, to establish whether the series
converges or diverges.

(i) (a) Write down the first two terms of the Taylor sencs fbr f(x) about.a
point x,, and denote the expression by p(x). Let x,,, be a real
number such that p(x,.)=0. :

Find an expression for x,, in terms of x,,' and so, by letting
n=0,1,2,..., derive the Newton-Raphson iterative method for
solving f(x) =0.

(b) Show that when the result in (a) is applied to the equation x2—c =0 it

becomes

1 c

x,,+,=—{x,,+—}, n=0,12,...

2 X,
Show further that

X4l e = L (x, i«/;)z

2x,

forn=0,1,2,...

[Question 8 continues on the next page]
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[Question 8 continued]

" (©) Deduce that

2n+|

xn+l‘J; = xo“/;
"n«-l"“/Z J"o""[‘;

Hence show that for any x,>0, the sequence of iterates converges
- tovc. , L o [24 marks]
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